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50.
$\{\xi_{j},j\geq 1\}$
$\mu$ . $u(x_{1},x_{2}, \cdots,x_{k})$
. $u(x_{1},x_{2}, \cdots,x_{k})$ .
$\mathrm{U}$- V-
.






E ample 2. Ve degree $k$ ) : $V_{n}$ $:=n^{-k}$ $\sum u(\xi_{\dot{\mathrm{h}}},\xi_{i_{2}},$ $\cdots,\xi_{i_{k}})$
l\leqq i\leqq $\leq\cdots \mathrm{s}i_{k^{5\hslash}}$
Cram\’er-von Mises-Smimov statistic:
$u(X_{1},X_{2})=f_{0^{w(u}}\lambda^{I_{\{x_{1}\leq u\}}-u}\mathrm{X}^{I_{\{x_{2}\leq u\}}-u)du}$ $(k=2)$
$V_{n}= \frac{1}{n-1}\triangleright x)(F_{n}(x)-1)^{2}$ &,







$\{\xi_{j},j\geq 1\}$ i.i.d. H0effding(1948) $\mathrm{H}$
$u(x_{1},x_{2},$ $\cdots,x_{k})$ $\mathrm{U}$- $\Rightarrow\overline{\mathrm{D}}-+$ (
)
$\text{ }$ Donsker
Y0shihara(1976) $\{\xi_{j},j\geq 1\}$ $\phi-$





$u(x_{1},x_{2},$ $\cdots,x_{k})$ $\{\xi_{j},j\geq 1\}$ $\mathrm{i}.\mathrm{i}$.d
Dynkin-Mandelbaum $(1983)_{\text{ }}$ Dehling $(1983)_{\text{ }}$ Kanagawa-Yoshihara (1993)





degree 2 $u(x_{1},x_{2})$ Serfling(1980)
1. $u(x_{1},x_{2}.)$ $\mathrm{R}\mathrm{x}$ R $|\xi_{j}$ $\mu$ 2
i.e. $\mathrm{x}$ $E(u(\xi_{1},x))\Rightarrow 0$ . $f\in L^{2}\approx L^{2}(d\mu \mathrm{x}d\mu)$
$T_{u}f(x):=\mathrm{f}\mathrm{i}u(\xi_{1},x)f(\xi_{1})]$ $T_{u}$ : $L^{2}arrow L^{2}$ ($\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ class) $T_{u}$








Mercer $u\in L^{2}$ (1)
.
2. (1992) $X$ $\mu$ X $u(\cdot,\cdot)$
X $\cross$ X $\mu(X\backslash X_{0})=0$ $\mu-$ $X_{0}$ $\subset X$ $X_{0}\mathrm{x}X_{0}$
$u(\cdot,\cdot)$ .
$\int\int_{X\mathrm{x}X}|u(x,y)|^{2}\mu(h)\mu(dy)<\infty$ (2)




2 (Mercer- ) $\mu$
$u(x,y)$ (1) .
1. $\mu(X\backslash X_{0})=0$ $\mu-$ $X_{0}\subset X$ $X_{0}\mathrm{x}X_{0}$ $u(\cdot,\cdot)$
. (2), (3), (4)
$u(x_{1},x_{2})=\geq_{-1}\infty\lambda_{k}g_{k}(x_{1})g_{k}(x_{2})$ $\mathrm{a}.\mathrm{e}$. $\mu(h)\mu(dy)$ (5)
$H$
$H:=\{x=(x_{1},x_{2}, \cdots)\in \mathrm{R}^{\infty}$ : $\geq_{-1}\infty|\lambda_{k}\not\in_{k}^{2}<\infty\}$
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$H$ - $G_{i}:=(g_{1}(\xi_{i}),g_{2}(\xi_{i}),g_{3}(\xi_{i}),$ $\cdots)i\geq 1$
$\{V_{n},n\geq 1\}$ .
$x\in H:=\{x=(x_{1},x_{2},\cdots)\in \mathrm{R}^{\infty}$ : $\sum_{k-1}^{\infty}|\lambda_{k}|x_{k}^{2}<$ }
$h(x):= \sum_{k-1}^{\infty}\lambda_{k}x_{k}^{2}$
$\frac{1}{\sqrt{n}}\sum_{i-1}^{n}G_{i}=(\frac{1}{\sqrt{n}}\sum_{i-1}^{n}g_{1}(\xi_{\mathrm{i}}),\frac{1}{\sqrt{n}}\sum_{i-1}^{n}g_{2}(\xi_{i}),\frac{1}{\sqrt{n}}\sum_{i-1}^{n}g_{3}(\xi_{i}),$ $\cdots)\in H$ . (8)
$nV_{n}= \frac{1}{n}\sum u(\xi_{i},\xi_{j})=\frac{1}{n}\sum_{11\leq\leq i,j\leq n}i,j\leq n\geq_{-1}\infty\lambda_{k}g_{k}(\xi_{i})g_{k}(\xi_{j})$ (9)
$= \frac{1}{n}\sum_{k-1}^{\infty}\lambda_{k}\sum_{1\leq i,j\mathrm{s}n}g_{k}(\xi_{i})g_{k}(\xi_{j})=\frac{1}{n}\sum_{k-1}^{\infty}\lambda_{k}\{\sum_{i-1}^{n}g_{k}(\xi_{i})\}^{2}=h(\frac{1}{\sqrt{n}}\sum_{i-1}^{n}G_{i})$ .
H- $G_{i}:=(g_{1}(\xi_{i}),g_{2}(\xi_{i}),g_{3}(\xi_{i}),$ $\cdots)$
$\{V_{n},n\geq 1\}$ .
\S 2 . degree 2 U-
188
189
$U_{n}$ $:= \frac{2}{n(n-1)}\sum u(\xi_{i},\xi_{j}),$
$V_{n}1\leq i<j\leq n$
$:= \frac{1}{n^{2}}\sum u(\xi_{i},\xi_{j})1\leq i,j\leq n$ \mbox{\boldmath $\zeta$} 1
$nV_{n}= \frac{1}{n}\sum u(\xi_{i},\xi_{j})=\frac{1}{n}\sum_{11\leq i,j\mathrm{s}n\leq i,j\leq n}\sum_{-1}\lambda_{k}g_{k}(\xi_{i})g_{k}(\xi_{j})\infty$ (10)
$= \frac{1}{n}\sum_{k-1}^{\infty}\lambda_{k}\sum_{1\leq i,j\leq n}\ ( \xi_{i})g_{k}(\xi_{j})=\frac{1}{n}\sum_{k-1}^{\infty}\lambda_{k}\{\sum_{i-1}^{n}g_{k}(\xi_{i})\}^{2}$
$=h( \frac{1}{\sqrt{n}}\sum_{i-1}^{n}G_{i})$ .
$\sqrt{n(n-1)}U_{n}=\frac{2}{\sqrt{n(n-1)}}\sum u(\xi_{i},\xi_{j})1\leq i<j\leq n$ (11)
$= \frac{2}{\sqrt{n(n-1)}}\sum_{1\leq i<j\leq n}\sum_{-1}\lambda_{k}g_{k}(\xi_{i})g_{k}(\xi_{j})\infty$





52. degree $k(k\geq 3)$






$T=[0,1]_{\text{ }}C(T)$ $T$ $C(T)$ $\{f,g\rangle=\int_{T}f(t)\overline{g(t}\psi$ ,
$f,g\in C(T)_{\text{ }}e_{1},$ $e_{2},$ $\cdots$ $C(T)$ $u:T^{m}arrow \mathrm{R}$
$k=(k_{1},$ $k_{2},$ $\cdots,k_{m})\in Z^{m}$ ( $Z$ )
$\hat{u}(k)=\int_{T^{m}}u(t)\overline{e_{k}(t}\nu t$
. $t=(t_{1},$ $t_{2},$ $\cdots,t_{m})\in T^{m}$
$e_{k}(t)=e_{k_{1}}(t_{1})_{e_{k_{2}}}(t_{2}) \cdots e_{k_{m}}(t_{m})=\exp(2\pi i\sum_{j-1}^{m}k_{j}t_{j})$ .
$u\in L^{1}(T^{m})$ Fubini .
$S_{N}(_{\mathrm{K}}t)= \sum_{k_{1}--Nkm^{--N}}^{N}\cdots\sum^{N}\hat{u}(k)e_{k}(t)$ ,














$\{\xi_{j},j\geq 1\}$ $\xi=(\xi_{i_{1}},\xi_{i_{2}},$ $\cdots,\xi_{i_{m}})$ 1
$S_{N}$ 0 \mbox{\boldmath $\xi$}) $= \sum_{\mathrm{q}--N}^{N}\cdots\sum^{N}\hat{u}(k)e_{k_{1}}(\xi_{i_{1}})e_{k_{2}}(\xi_{i_{2}})\cdots e_{k_{m}}(\xi_{in})arrow u(\xi_{i_{1}},\xi_{i_{2}},\cdots,\xi_{i_{m}})k_{m}--N$ $(Narrow\infty)$
. Cram\’er-von ses-Smimov statistic [
$u(_{x_{1},x_{2}})=f_{0^{w(u}}\lambda^{I_{\{x_{1}\leq u\}}-u}\mathrm{X}^{I_{\{x_{2}\leq u\}}-u)du}$ (13)
( ) 2 .
.




$X:= \{x=(_{X_{1’ h}},\cdots)\in \mathrm{R}^{\infty}..-\infty\leq k_{1},\cdots k_{m}<\infty\sum_{\prime}|\hat{u}(k\lambda|x_{k_{1}}\vdash\cdot|x_{k_{m}}|<\infty\}$ ,
|||:={- ,$\sum_{\leq \mathrm{q}}\ldots|\hat{u}(k\lambda|x_{k_{1}}|\cdots|x_{k},|\}^{1/m}fi_{m}<\infty$ .
$X$ $\varphi(x)$
$\varphi(x):=\sum\hat{u}(k)x_{k_{1}}\cdots x_{k_{m}}-\infty\leq k_{1},\cdots l_{n1}<\infty$
(14)
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$X$ - $\mathrm{G}_{k}:=(\mathrm{q}(\xi_{k}),e_{2}(\xi_{k}),$ $\cdots),$ $k\geq 1$
$\geq_{-1}^{n_{\mathrm{G}_{k}=}}(\geq_{-12_{-1}^{\mathrm{Q}(\xi_{k}),\cdots)}}^{nn}e_{1}(\xi_{k}),$ (15)
$n^{m}V_{n}= \sum u(\xi_{\dot{\mathrm{q}}},\xi_{i_{2}},$
$\cdots,\xi_{i_{m}})1\leq i_{1}\leq i_{2}\leq\cdots\leq i_{m^{\leq n}}$ (16)
$= \sum_{\mathrm{q}--\infty k}^{\infty}\cdots\sum_{m^{--\infty}}^{\infty}\hat{u}(k\sqrt\sum_{j-1}^{n}e_{k_{1}}(\xi_{j})\sum_{j-1}^{n}e_{k_{2}}(\xi_{j})\cdots\sum_{j-1}^{n}e_{k_{m}}(\xi_{j})\}$
$=\varphi(\geq_{1}^{n_{\mathrm{G}_{k}}}.)$ .
$n^{m}V_{n}$ X $\{\mathrm{G}_{k},$ $k\geq 1\}$
$\{\mathrm{G}_{k},$ $k\geq 1\}$ $V_{n}$









$\underline{\text{ }5.}$ (Crame\acute \mbox{\boldmath $\omega$} ) $\{\xi_{j},j\geq 1\}$ i.i.d. 0, 1




$\varlimsup_{narrow\infty}\frac{1}{n}\log P\{S_{n}\in F\}\leq-\inf_{x\in F}I(x)$, (17)
G \subset R
$n arrow\infty 1\dot{\mathrm{m}}^{\frac{1}{n}}\log P\{S_{n}\in G\}\geq-\inf_{\chi\oplus}I(x)$ , (18)
$I(x):= \sup_{\mathrm{e}}[\Theta x-\log M(\Theta)],$
$M(\Theta):=E\{\exp(\Theta\xi_{1})\}$ . (19)
6. (Donsker-Varadhan (1976)) $B$ $\text{ }$. $||\cdot||\text{ }$ .
$B$ - Li $\{\xi_{j},j\geq 1\}$ 0 $E\{\exp(t|\mathrm{E}1||)\}<$ , $t>0$ .
$\Phi:Barrow \mathrm{R}$ $C,$ $D$ $x\in B$
$\Phi(x)\leq C+\prod|x||$ . (20)
(21)$\lim_{narrow\infty}\frac{1}{n}\log E\{\exp(n\Phi(\frac{S_{n}}{n}))\}=\sup_{x\in B}[\Phi(x)-h(x)]$,
$narrow\infty n$ I $\backslash$ $\backslash n//\mathrm{I}$ $x\in B$





$\mathrm{x}’\in B$ $\Phi(\cdot)$ $B$ 3 R\’echet .
$\lim_{narrow\infty}\exp\{-n(4x’)-h(x’))\}E\{\exp(n\Phi(\frac{S_{n}}{n}))\}=\int\exp\{\frac{1}{2}D^{2}\Phi(x’)[y,y]\}\gamma(dy)$,
$\gamma(dy)$ $D^{2}$ 2 Fr\’echet .
8. (Kanagawa (1999)) $\{\xi_{j},j\geq 1\}$ i.Ld. $\mu$ . degre 2
193
$u$ $(x,y)$ (2), (3), (D Cram e\acute
$E(\exp(\mathrm{t}||\mathrm{G}_{1}||))<\infty$
. $x=(x_{1},x_{2}, \cdots)\in H$ $\Phi(x):=|\sum_{-1}\lambda_{k}x_{k}^{2}|^{1/2}\infty$ . $G_{1}$
h
$h(x):= \sup_{H\pi}.(\varphi(x)-\log M(\varphi))$ ,
H* $H$ toplogical dual $M(\varphi):=E(\exp(\varphi(G_{1})))$ .
$\lim_{narrow\infty}\frac{1}{n}\log E(\exp(n|V_{n}|^{1/2}))=\sup_{\mathrm{x}\in \mathrm{f}\mathrm{f}}(\Phi(\mathrm{x})-h(x))$ .
$\mu$
$\lim_{narrow\infty}\frac{1}{n}\log E(\exp(n|U_{n}|^{1/2}))=\sup_{\mathrm{x}\in H}(\Phi(\mathrm{x})-h(\mathrm{x}))$ .
. $H=\{x=(x_{1},x_{2}, \cdots)\in \mathrm{R}^{\infty}$ $:\geq_{-1}\infty|\lambda_{k}|x_{k}^{2}<$
$G_{i}=(g_{1}(\xi_{i}),g_{2}(\xi_{i}),g_{3}(\xi_{i}),\cdots)\in H$ 2(Mercer- )
$u( \xi_{i},\xi_{j})=\sum_{-1}\lambda_{k}g_{k}(\xi_{i})g_{k}(\xi_{j})\infty$ as.
$\lim_{narrow\infty}\frac{1}{n}\log E\{\exp\{n|V_{n}|^{\wp}\}\}=\lim_{narrow\infty}\frac{1}{n}\log E\{$$\exp(|1\leq i,\sum u(\xi_{i},\xi_{j})|^{\psi 2}j\leq n)\}$
$= \lim_{narrow\infty}\frac{1}{n}\log E\{\exp(|\sum_{1\leq i,j\leq n}\sum_{-1}\lambda_{k}g_{k}(\xi_{i})g_{k}(\xi_{j})|^{1p}\infty)\}$
194
195
$= \lim_{narrow\infty}\frac{1}{n}\log E\{\exp(|\sum_{k-1}^{\infty}\lambda_{k}\sum_{1\leq i,j\leq n}g_{k}(\xi_{i})g_{k}(\xi_{j})|^{1/2})\}$
$= \lim_{narrow\infty}$
$\frac{1}{n}\log E\{\exp(|\infty \mathrm{E}_{-1}^{\lambda_{k}(\sum_{i-1}^{n}g_{k}(\xi_{i}))^{2}1^{\psi 2}]\}}$
$= \mathrm{I}\mathrm{i}\mathrm{m}\frac{1}{n}\log E\{narrow\infty\exp(n|\infty z_{-1}^{\lambda_{k}}(\frac{1}{n}\sum_{i-1}^{n}g_{k}(\xi_{i}))^{2}|^{\varphi})\}$
$= \lim_{narrow\infty}\frac{1}{n}\log E\{\exp($ $n \Phi(\frac{S_{n}}{n}))\}$ ,




2. $\mu$ $[0,1]$ . Cram\’er-von Mises-Smimov
$u(x_{1},x_{2})=f_{0}w(u\lambda^{I_{\{x_{1}\leq u\}}-u}\mathrm{X}I_{\{x_{2}\leq u\}}-u)du$
10 .
$\ovalbox{\tt\small REJECT} b\text{ }w(x)=\frac{1}{x(x-1)}|_{}^{}\text{ }\backslash \text{ }$ Cram\’er-von Mises-Smimov$ffl\overline{\mathrm{D}}\Rightarrow-\dagger \text{ }\mathrm{f}\mathrm{i}\text{ }1\mathrm{h}$





$H= \{x=(x_{1},x_{2}, \cdots)\in \mathrm{R}^{\infty}.\cdot\geq_{-1}\frac{x_{k}^{2}}{k(k+1)}<\infty\}\infty$
topological dual $H^{2}$
$h(x)= \sup_{\varphi\in H}.(\varphi(x)-\log M(\varphi))$
.
$\mathrm{U}$- Bolthausen .
9. (Kanagawa (1999)) 8 .
$\Phi(x’)-h(x’)=\sup[\Phi(x)-h(x)]$ $x’$ CH $\Phi(\cdot)$ H
$x\in B$
3 Fr\’echet .
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